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A E SYR AC T --- 
A s u g g e s t i o n  i s  nade f o r  t h e  d e t e r m i n a t i o n  o f  the E a r t h  g r a v i t a -  
1 ,I 
t i o n a l  p o t e n t i a l  up  t o  t h e  quadropo le  approsirnat ion i n  i! l o c a l  d e t e r ; ; l i i ! a t i m  
v i a  s a t e l l - i t e  o b s e r v a t i o n s .  The method i n t r o d u c e d  e n a b l e s  onc t o  e s L a b l i s h  
c l s o  t h e  d i s t a n c e  o f  t h e  cei?tcr of t h e  E a r t h  t o  t h e  p o s i t i o n  o f  the s a t e l . 1 . i t e  
o? ;scrva t ion  s t a t i o n .  T h i s  would iriiply t h a t  o b s e r v a t i o n s  froni s e v e r a l  s t a t i . o n s  
c o u l d  be u s e d  t o  f i x  t h e  E a r t h  c e n t e r  sild c o n s e q u e n t l y  t o  make o b s e r v a t i o n s  
on the  s1ir:pe of t h e  E a r t h .  A flow d iag ram f o r  computa t ions  i s  a l s o  p r e s e n t e d .  
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I n  the quadropo le  approximatioi l  t he  p o t e n t i a l  of t h e  e a r t h  may bc 
writte:! a s  
GPI GQ r 1 3 (xi" j )  
7 Qij ,5 - t .  * - ,  (1 )  U = I 4. I----.-" + - G r r 3 2 i, j = l  
where 
and 
w i t h  X t h e  mass o f  e a r t h :  G t he  gravi taLioua.1 c o n s t a n t ,  r t h e  r a d i u s  v e c t o r  
emanntin; Tron some f i x e d  po in t  xiear t h e  c e n t e r  of  e a r t h ,  p ( s ' )  the  d e n s i c y  
of e a r t h  b:iitli x' r e p r e s e n t i n g  t h e  c o l l e c t i o n  (x', y', 2') and x t h e  v e c t o r  
c o r r e s p o n d i n g  t o  t h e  c e n t e r  of n.--ss of  tl:c E a r t h .  l'hc Q ' s  m y  be i n t e r p r c c e d  
h 
-c 
i j '  in t c m s  of tile t enso r  monent o f  i n e r t i a  I 
a s  
whcre 
Qkl\,i" Ql, + 422 +- 433 * 
T h u s  know led:;^ of t h e  Q's e n a b l e  a det:erminati.on of t h e  1 ' s  t o  be made, The 
r m t r i x  f o r  tile Q's and t h e  1 ' s  1 x 1 1 7  be w r i t t e n  as 
[ I . . ]  = 
1 3  
$12 
$13 
( 7 )  
In what  f o l l o w s  a n  i n d i c a t i o n  f o r  t h e  d e t e r i n i n a t i o n  of  t h e  p r o p e r -  
t i e s  of  E a r t h  d e p i c t e d  i n  t h e  appros i rna t ion  (1) w i l l  be  g iven  i n s o f a r  a s  i t  
p e r t a i n s  t o  tile d a t a  o b t a i n e d  v i a  s a t e l l i t e  i n  a r e g i o n  d i r e c t l y  b e l w  t h e  
s a t e 1 1 1  t c ,  One would e x p e c t  c o n s e q u e n ~ l y  t h a t  t\:c pnrai!.ieters a p p e a r i n g  i n  
(1) wi1,l cl?angt? f r o 3  r c g i c i l  t o  r e g i o n  sild t hus  t o  r e c l e c t  t h e  d i s t r i 5 u t i o : i  o f  
t h e  g r a v i t a t i o n a l  s t r u c t u r e  of E e r t h .  
I f  V i s  t h e  “ a b s o l u t e ”  v e l o c i t y  of  the s a t e l l i t e ;  N v t11e v e l o c i t y  
4 N 
reln’iivc! t o  a f r m e  r o t a t i n s  w i t h  E a r t h ;  w the a n g u l a r  v e l o c i t y  of  E a r t h ;  and 
N 
r the r a d i u s  v e c t o r  froin t h e  o r i g i n  of the r o t a c i n g  a x i s  t o  t h ~ ?  s a t e l ! . i t e  
t h e n  
N 
The Lagrangi.an may be w r i t t e n  a s  
1 
2 L = - - m K  a - mU , 
where r! i s  t h e  s a t e l l i t - e  mass .  The i n t r o d u c t i o n  of (8) i n t o  (9)  y i e l d s  
s o  t h a t  t h e  c a n n c m i c a l  moneuta b e i n g  d e f i n e d  to be 
g i v e s  froa; (19) 
11 = p ’ v - I> 
N N  
? 
( 9 )  
1 1 
=. n i ( 5  -t ru x r )  [v- - - v - 
N -  2 -  2 -  - tu x rl -I- mu 
1 I1  
1 2  - (E x r )  2 - = --m (v  (w x r ) )  t n?U N N  
But 
so  t ha t  
f o r  the  !lo::.:iltouian d i v i d e d  by t h e  mass of s a t e l l - i t e .  
Under o r d i n a r y  ci.rcurns t a i l c e s  i f  a l l  p e r t u r b a t i o n s  are  igi:oi:ed t h e n  
one would e x p e c t  1 1 / m  t o  be  a c o n s t a n t  of m o t i o n .  T h u s  a s e t  o f  measurcments  
X i :  
para1neLcrs a p p e a r i n g  i n  (‘I) v o u l d  eilable the p a r a m e t e r s  t o  be deLcrmined .  In 
flie for lwr c a s e  11 e q u a t i o n s  f o r  II ui-!!ti:ni.~ns needs  t o  b e  s o l v e d ,  1-n t i i f  l a t t e r  
case an  a p p e a l  t o  ] . ea s t  s q u a r e  nic.thods mc?y be made. 
r i  w i t h  i = 1,2,3., . . * ,n - ! - l  v i t h  n e q u a l  t o  o r  i n  excess  of t h e  w.:vSer of 
t 
B 
I n  the e v e n t  t h 2 t  p e r t u r b a t i o n s  a r e  p r e s e n t  such a s  t h o s e  di?c t o  thc 
ri?oo;); 
(13)  \! i l l  be t i n c  l e p c n d e n t .  T h u s  
S U ; ~ .  plc?i;ets as \:e11 a s  a t m o s p h e r i c  arid r a d i a t i o n  e f f e c t s  I l / m  g i v e n  by  
No>? i f  i m a s u r e n e n t s  a r e  made i n  s m a l l  i n t e r v a l s  o f  time one tcoiild e x p e c t  t h a t  
vi11 be e s s t n t - ? a l l y  c o s s t o n t  i n  t h e  t i m e  i n t e r v a l  t l  < t < t2 and s i m i l a r l y  
f o r  atn!osp:?cric 2nd r a d i a t i o n  e f f e c t s .  Consequen t ly  i f  we ho;.e i n  a d d i t i o n  
t 2  < t CC t3  \,:e have from ( 1 s )  
s o  t h a t  on the b a s i s  o f  t!ie nddi t ioi- ia l  r e q u i r e a c n t  t h a t  measuremen ts  a r e  t a b u -  
l a f i cd  i n  cqi.!al time ( s m a l l )  ii:cp.rvzlS 
J:' F ( t ) d t  = Tt2 F ( t ) d t  
1 
u t  
2 
El3 - 2H2 + ti = 0 (18 )  1 
I n  an ana logous  Lnalliler one nay  conclude  t h a t  i f  t h e  F ( t )  i s  n o t  d u l y  
1 ( I  c o n s t a n t  i n  t h e  t i m e  i n t e r v a l  t < t < t then  an a p p e a l  t o  t h i r d  d i f f e r e n c e  
i i+ 1 
e q u a t i o n  may be made, naiiiely 
114 - 3H3 t- 3II2 - HI = 0 , ( 1 9 )  
e t  c e t e r a .  The f a c t o r  l / m  i s  t o  be r e i n s t a t e d  i n  a p p l i c a t i o n s  i n  acco rd  w i t h  
As i n  t h e  i d e a l  c a s e  w e  may i n d i c a t e  t h e  minimuni number o i  a icasure-  
ments  t o  e f f e c t  a d e t e r m i n a t i o n  o f  t h e  paranic te rs  i n  ( 1 ) .  For t h e  second 
d i f f e r e n c e  c a s e  e x e m p l i f i e d  by (18) one has f o r  t h e  i--' measurement c a s e  t o  
a r r a n g e  f o r  a t  l e a s t  t h r e e  nicasurements 
t h  
w i t h  i = 1 , 2 , 3 , . * . , n  t o  y i e l d  n e q i l a t i o n s  wi th  n -l- 2 m e ~ ~ s u r e n ? e n t s .  T h u s  n -i 2 
m?~sul-CiiCnts i . ~ i l l  be  necessa i -y  f o r  t h e  d e t e r m i n a t i o n  of n para,::cters a p p e a r i n g  
i n  (1). I f  t h e  nunther of rneasurenents i s  i n  e x c e s s  of n -!- 2 l e a s t  s q u a r e  p r o -  
cedurcs must he  appcnled  t o .  
Fo r  the  t h i r d  d i f f e r e n c e  c z s e  t h e  a n a l o g  of  ( 2 0 )  w i l l  b e  
i 
b 
Hi+3 - 3Mi+2 -1- 311 i-i 1 - 3  i = o  , (21) 
( 7 . )  
, l e a s t  s q ~ i a r e  p r o c e d u r e s  r n u s t  be  u s e d .  
Nov l e t  t h e  assumptiion h e  made t h a t  F ( t )  i n  t..e neighborhood of 
t = t l  is of t h e  form 
I f  i n  a d d i t i o n  
2 t2 - t l  = t3 - t 
one sees  t h a t  
1 2 
2 
= F ( t l ) h  t - F'(tl)h -f- F " ( t l ) h 3  -I- * ' * 
6 
f t  p 2 t l  
/E3 F ( t ) d t  = F ( t ) d t  
J t i-h 
2 1 
= F ( t l ) i l  3- - 3 F ' ( t  )h2 1- - 7 F " ( t l ) h 3  ' * 
2 1 6 
Hence froni (15 )  and ( 1 6 )  
K q i i ~ t i o n  ( 2 4 )  t! ius i n d i c a t e s  t h e  nature  of  tlte 2pFroXi l i iZ i t iou  assciciatcd r . : i t l ?  
(20) .  The s!itallnc..ss o f  F ' ( t 1 )  .and h is e s s e n t i a l '  w h i c h  i s  esscnt ia1 l .y  xa i r t -  
taii7ed a s  i .ndicatql ,  in the d i s c u s s j o n  l e a d i n g  ( 1 8 ) ,  
'SO c SE WIT1 i ON __ 
C o n s i d e r  t h e  a x i s  of r o t a t i o n  of the E a r t h  t o  be f i x e d  i n  s p a c e  and 
l e t  t h i s  a x i s  be  c a l l e d  Z w i t h  u n i t  v e c t o r  K. I n  a d d i t i o n  c a l l  t h e  a x i s  i n  
t h e  d i r e c t i o n  o f  t h e  v e r n a l  equ inox  X w i t h  u n i t  v e c t o r  I .  The Y-axis  will be  
p e r p c n d j c u l a r  t o  t h e  X -  and Z-axes w i t h  d i r e c t i o n  J i n  a r i g h t  handed system 
of c o o r d i n a t e s .  I n  a d d i t i o n  c o n s i d e r  t h e  o r i g i n  of  t h e  r o t a t i n g  c o o r d i n a t e  
N 
N 
N 
s y s t e m  ( l o c a l )  t o  be s i t u a t e d  on t h e  a x i s  o f  r o t a t i o n  and t h e  z - a x i s  t o  emanate 
outward w i t h  d i r e c t i o n  k a s  u n i t  v e c t o r .  T h e  x - a x i s  i s  imagizcd t a n g e n t  t o  
N 
l a t i t u d e  c i . r c l e s  p o i n t i n g  i n  t h e  e a s t  t o  west d i r e c t i o n  v i t h  u n i t  v e c t o r  i .  
The y - a x i s  i s  t a k e n  p e r p e n d i c u l a r  t o  t h e  x -  and z -axes  t o  form a l o c a l  r i g h t  
N 
handed s y s t e m  w i t h  u n i t  v e c t o r  j t a n g e n t  t o  m e r i d i a n  c i r c l e  p o i n t i n g  i n  t h e  
n o r t h  t o  s o ~ i t i i  d i r e c t i o n .  Xow s p e c i f y  t h e  d i r e c t i o n  o f  t h e  z - a x i s  w i t h  tlie 
N 
s p h e r i c a l  c o o r d i n a t e s  S o ,  6, r e l a t i v e  t o  t h e  S, Y: 2 sys t em.  The r e l a t i o n -  
s h i p s  e x i s t i n g  between the. u n i t  v e c t o r s  i: j J  k and 1: 3,  K t u r n  o u t  t o  be 
N N N  N - N  
j = I cos  5 cos  So i J sin P - -  0 N 0 N cos eo - I: s i n  2o 
k = I c o s  Go sin 
N N  &'o A, N 0 -I- J s i n  Po s i n  2o 4- K C O S  2 
J ( 2 5 )  
J 
(2f.:! 
K = -j sin 8 ,  -f- k c o s  0, 
N N N 
Kow s l i l c s  t h e  a x i s  of  r o t a t j o n  i s  i n  t h e  K d i r e c t i o n  
N 
? I t  
W ' W K  
N N 
which i n  view of  the l a s t  e q u a t i o n  of ( 2 6 )  i s  
= w ( - j  s i n  Po -E k COS 0,) 
N N c1 
s o  t h a t  (13)  beco:nes 
In ( 2 9 )  i t  nust be remembered t h a t  
. 
It will bc: coi?venienL t o  c a l l  
GP1 = a 9 
G?2 = b ? 
GP3 c 9 
1 9 GQ1, = A J 
' go ax by  c z  Ax2 By2  Cz Dxy Eyz Fsz 
-k - i- +--- -F 7 J ( 3 4 )  + - + - - +  - +  - 4 -  - -+ __ r r 3 r3 r 3 r5 r 5 r  5 r  5 r5 r> 
Consecj i e n t l  i f  R i s  the v e c t o r  f rom t h e  o r i g i n  on t h e  a x i s  t o  t h e  obsei-va- - 
t i o n  p o i n t  and a the s a t e l l i t e  v e c t o r  frorc t h e  s u r f a c e  of t h e  E a r t h ,  
N 
It  
r = R + c r  - - -  
Hence 
R - R R  J 
N N  
so t h a t  
cons e q u c  11 t 1 y: 
x = o ; r  7 
Y y = c r  ( 3 7 )  
It will b e  corivcnient  i n  t h i s  c a s e  t o  t a k e  t h e  o r i g i n  of  t h e  c o o r d i n a t e  s y s -  
t e n  t o  be  1oc;l trd a t  t he  center of n:c?ss so t h a t  i n  ( 3 4 )  
a = b = c = O  
In a d d i t i o n  c o n s i d e r  
where Ro i s  t h e  mean E a r t h  r a d i u s  and c i s  t o  be de t e rmined .  h'ow s i n c e  
R, > > E one w o u l d  expect 
a R  R 
so t h a t  
J 
Also n o t e  fro- (37 )  a;id above  t h a t  
3 2 2  -- [ ( y  s i n  ;o - z c o s  
E K  
) - r ] = -2(y s i n  2o - z c o s  :: 1 L O  ' 0  
( 3 9 )  
wliic11 would i n d i c a t e  t h a t  
2 2  
- r o  (y sin 3 - z cos  p > 2  - r2 2 (yo s i n  0, - z o  cos p ) 0 0 0 
- 2 [ y  s i n  8 - z cos  Q 
0 0 0 0 
But a l s o  
S i n c e  oiic t \~ou ld  e x p e c t  t o  quadropo le  terms t o  be q u i t e  small  one cou ld  i g n o r e  
r-3 a the v a r i a t i o n  of terms o f  t h e  form - 
3 R  
a p p e a r i n g  t h e r e  and  s i m p l y  imagine 
t h e  r ' s  and X I S ,  y's,, z ' s  t h e r e  t o  be  t h e  ro2 xo's, y o ' s ,  and z o ' s  g i v e n  by 
( 4 0 )  and  (37 )  w i t h  R r e p l a c e d  by  R,. Thus ( 3 4 )  becomes 
FXoZ,: 
ro  i 
> ( 4 2 )  
where 
i s  the  p o s i t i o n  v e c t o r  r e l a t i v e  t o  t h c  s u r f a c e  of t h e  e a r t h :  z - a x i s  upw;.ardi 
x - a x i s  t a n g e n t  t o  l a t i t u d e  c . i r c1e  i n  e a s t  t o  wcst d i r e c t i o i i  and y - a x i s  i n  t h e  
d i r e c . t i o n  tat-,;;cnt t o  m e r i d i a n  c i r c l e  i n  t h e  n o r t h  t o  s o u t h  d i r e c t i o n .  2o i s  
the  p o l a r  c o o r d i n a t e  of  m e ~ s u r e m c n t  s t a t i o n  
Thus  (42) becones 
3 . 1  
go !--- (RO -k CYz) 2 '  - (az  -I- R ~ )  c o s  f o >  - I-;]) -I- -- 3 
ro  r@ 
2 
w i t h  ro g i v e n  by ( ! ; 3 )  and 32 
E q u a t i o n  ( 4 4 )  i s  most s u g g e s t i v e .  - It ind ica ' i e s  t h a t  we n a y  r e g a r d  go> c, Ii: 
B, C, D, E,  and F a s  c o n s t a n t s  t o  be de t e rmined .  These a l l  appear  l i n e a r l y  i n  
( 4 4 ) .  I n  gei121-21 go i s  presumed 1rnor.m. XeverLheless  i t  liii~y be of c o n s i d e r a b l e  
i n t e r e s t  t o  e f f e c t  a d e t c r m i n a t i o n  of  t h i s  c o n s t a n k .  Thus, i n  e f f e c t ,  know- 
l edge  of t h e  p o s i t i o n  v e c t o r :  t h e  p o s i t i o n  v e l a c i t y  r e l a t i v e  t o  t h e  s u r r a c e  of  
t h e  E a r t h  w i l l  e n a b l e  one t o  e s t i m a t e  t h e  mass of t h e  e a r t h  or  Nev ton ' s  g r c v i t a -  
i s  t h e  aiigtilar v e l o c i t y  of  E a r t h  abou t  i t s  a x i s .  
t i o n 2 1  consta:i t  t h r u  go of  (33), t h e  d i s t a n c e  o f  t h e  o b s e r v a t i o n  p o i n t  f rom t h e  
c e n t e r  of !.ass o f  t he  E a r t h  t h r u  e -<- R = R of ( 3 8 ) ,  as  we11 a s  t h e  quadro -  
p o l e  t e r m s .  Consequen t ly  t h e  d i s t r i b u t i o n  o f  measurement s t a t  i o n s  over v a r i o u s  
p o r t i o n s  of  t h e  s u r f a c e  of  t h e  E a r t h  ccu ld  be  used t o  d e t e r m i n e  t h e  e q u a t i o n  
of  t h e  E a r t h ' s  s u r f a c e  s i n c e  one would expec t  6 t o  v a r y  from p o i n t  t o  p o i n t .  
0 
* OF EAKl'tI CASE FOR KLTERTCAL AXALYSTS. _x___ 
* t l  
If a t  l e a s t  8 -b 2 measureiuents a r e  p r e s e n t e d  f o r  the cr' and d a / d t  
. N  N 
c o r r e s p o n d i n g  r e s p e c t i v e l y  t o  t h e  p o s i t i o n  v e c t o r  and v e l o c i t y  v e c t o r  r e l a t i v e  
t o  a p o i n t  on the s u r f a c e  of  t h c  E a r t h  a n d  t?ie s u b s c r i p t  k d e n o t e s  the k k  s e t  
o f  n1easurtr;:ents t h e n  i f  i n  a d d i t  i on  t h e  d e f i n i t i o n s  
\ 
L l k  ($)k , ( 4 5 )  
t 
k ( 4 9 )  
- (Uz + R,)COS G o )  2 - r:]}, 
J 
EquzLion (20 )  becornes e q u i v a l e n t  t o  
where i -- 1 , 2 ,  * - 9  
A3 E A 
Aq E B 
Ag E C 
Ag E D 
A7 E 
A = F  8 -  
S O  t h a t  ( 5 4 )  r e a d s  
8 
9 
I 
T h e  t d s k  i s  t c  d e t e r n i n e  t!lc A ' s .  I f  max k > 8 t h e  normal e q t i a t i o n s  f o r  the 
d c t c r m i n n t i o n  o f  t h e  A ' s  may b e  w r i t t e n  a s  
7 ( 5 9 )  
w i t h  j = I,, 2 ,  * - * 8. Tf  t h e  m a t r i x  e l emen t s  
max k 
i s  a s s o c i a t e d  w i t h  t h e  m a t r i x  M, and t h e  row v e c t o r  V has  components V g i v e n  
j 
by  
max k 
7 
t h e  normal e q u a t i o n s  (59)  may be w r i t . t e n  a s  
ATN = VT 3 
where i s  t h e  row v e c t o r  - * - A ~ ) .  Since  M i s  a symmetr ic  m a t r i x  
(62)  may a l s o  be w r i t t e n  a s  
PIA = v 3 
s o  t h a t  
A = (M-')V 7 
f o r  t h e  column v e c t o r  ( 5 5 ) .  I f  mas k = 8,, t h e n  (58) has  t h e  s o l u t i o n  
whc r e T d 2 110 t e s t r an s p o s i tr i o n  . 
A f l o w  diagram f o r  t h e  c a l c u l a t i o n s  f o l l o w s  usi .ng the  d e f i n i t i o n s  
and r e fe rences  t o  the  abave e q u a t i o n s .  
- ( 2 2 )  
. . . . . . . . .  - . . . . . .  ............... _ j  __.._. .. ........ ... - --.- . . I-.-I.____-.__ . ...-.-_.._ 
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30 
I = l ,  9 
\ 
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Go Back t o  20 
? ( u n t i l  d a t a  '., 
depleted) 
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P r i n t  L( I, K) 
I 



VEL(  J) = N( 9,  I;)"R( J,, K )  
/ 
- ( 3 3 )  
SO \ 
AMihV(1,J) = 0 . 0  
- ( 3 4 )  


~ ( 3 7 )  
I 
- ( 3 8 )  
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